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Abstract
Based on the Large-Order behavior of the perturbation series of the ground state energy of
Yang-Lee model we suggested a Hypergeometric approximants that can mimic the same Large-
order behavior of the given series. Near the branch point, the Hypergeometric function pFp−1
has a power law behavior from which the critical exponent and critical coupling can be extracted.
While the resummation algorithm shows almost exact predictions for the ground state energy from
law orders of perturbation series as input, we found that the exact critical exponents are solely
determined by one of the parameters in the large order behavior of the series. Based on this result
we conjecture that the Large-order parameters might know the exact critical exponents. Since the
ground state energy is the generating functional of the 1-P irreducible amplitudes, one gets all the
critical exponents via functional differentiation with respect to the external magnetic field.
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Quantum filed theory represents one of the most successful tools to study critical phenom-
ena in physics. The point is that in physics one can have different models behave similarly
near the critical point. In this case we say that both models are in the same class of uni-
versity. The Ising model from Magnetism and the φ4 scalar field theory reflect that belief
as both are well known to lie in the same class of universality [1, 2]. Near the critical point
however, perturbations always fail to give reliable results. The reason behind this is that
the coupling blows up and turns the theory highly non-perturbative for which one has to
employ rigorous non-perturbation techniques to be able to extract reliable results.
Famous non-perturbative tools that are always used in literature to study critical phe-
nomena in physics are Borel, Borel-Pade´ and Borel with conformal mappings resummations.
These algorithms are suffering from slow convergence as well as most of the calculations are
numerical. Recently, the simple but accurate Hypergeometric resummation algorithm has
been introduced which is of closed form as well [26]. In Ref.[3], we showed that one can
employ the strong-coupling data to determine all the numerator parameters in the Hyper-
geometric pFp−1 approximants. In another work [4, 5], we showed that the relation between
the p (number of numerator parameters) and q (number of denominator parameters) is de-
termined by the large-order behavior of the given perturbation series. Once we determined
the difference p−q from the large order behavior, one can employ the large order parameters
to accelerate the convergence of the Hypergeometric resummation.
Based on the large order-behavior of a given perturbation series, one can categorize the
divergent sires into different classes, where each class can be resummed by a Hypergeometric
function of the needed gross factor. To clarify this point more, consider a divergent series
for a physical quantity Q(z) =
∑
cnz
n that has the the following large-order behavior:
cn ∼ α ((p− q − 1)n)!(−σ)nnb
(
1 +O
(
1
n
))
, n→∞, (1)
accordingly we have the following:
1. For a divergent series with finite radius of convergence, we have (p− q − 1) = 0. The
suitable Hypergeometric approximant is then
Q(z) ≈ c0 pFp−1(a1, ...ap; b1....bp−1;−σz),where
b =
p∑
i=1
ai −
p−2∑
i=1
bi − 1.
2
2. For a divergent series with zero radius of convergence and n! gross factor (p−q−1 = 1),
the suitable approximant is then
Q(z) ≈ c0 pFp−2(a1, ...ap; b1....bp−2;−σz),
b =
p∑
i=1
ai −
p−2∑
i=1
bi − 2.
3. For a divergent series with zero-radius of convergence but (2n)! gross factor (p−q−1 =
2) ( the ground state energy of the sixtic oscillator for instance) then the suitable
approximant is
Q(z) ≈ c0 pFp−3(a1, ...ap; b1....bp−3;−σz),
b =
p∑
i=1
ai −
p−2∑
i=1
bi − 3,
and so on. Of course for p ≥ q + 2, the series pFq is divergent and has a zero-radius
of convergence but analytic continuation to non-zero z values can be offered by a
Melline-Barns integral representation of pFq or equivalently in terms of the Meijer-G
function.
We call the above algorithm the Hypergeometric- Meijer resummation [4, 5]. Note
that, in this algorithm once you select the suitable Hypergeometric apprximant based
on the gross factor in the large order behavior, it can accommodate all weak-coupling,
strong coupling and Large-order data associated with the given perturbation series.
In fact, in Ref.[6], Mera et.al used Borel-Pade´ algorithm with Borel functions of the
form c0 pFp−1(a1, ...ap; b1....bp−1; .σz). Their algorithm results in a Meijer-G function
Resummation approximant that employs low order perturbation data as input. In our
technique, we don not use any Borel or Pade´ methods but instead we start from large
order behavior and select the appropriate Hypergeometric approximant. In case p− q
is greater than one, we use the Meijer-G function representation of the Hypergeometric
function [30] where
pFq(a1, ...ap; b1....bq; z) =
∏q
k=1 Γ (bk)∏p
k=1 Γ (ak)
G
1,p
p,q+1
(
1−a1,...,1−ap
0,1−b1,...,1−bq
∣∣∣ z). (2)
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The algorithm has been shown to give accurate results for different divergent series like the
ground state energy of anharmonic oscillator [3, 4] and the critical exponents of the O(N)-
symmetric model[5]. In this work we target the edge critical exponent of the Yang-Lee
model within the Hypergeometric resummation where the Hypergeometric approximant is
parametrized using weak-coupling, large-order and strong coupling data.
In 1952, Lee and Yang introduced a theory of phase transitions that is based on the zeros
of the partition function in the complex plane of an external parameter like the external
magnetic field [20, 21]. At the continuum limit, the zeros of the partition function can touch
the real axis which is then represents a critical point called Yang-Lee edge singularity. For
many years the zeros of partition function is considered as a theoretical issue but recently
it has been exposed to experimental investigations (see Ref.[8] and references therein). In
fact the zeros of the partition function are always existing for non-real external parameters
and thus the theory near the zeros can turn to be non-Hemrition but PT -symmetric. The
link between critical behavior of Ising model near edge singularity and PT -symmetric iφ3
theory was first introduced by Fisher who identified an effective action of the Magnetization
of Ising model as a Landau-Ginzberg theory given by a PT -symmetric iφ3 theory [18]. We
will study this model in d = 1 dimensions and tackle the critical behavior associated to the
edge singularity from the point of view of the dependance of the order parameter on the
external magnetic field rather than investigating the zeros of partition function.
Near the edge singularity, perturbative calculation within the Yang-Lee quantum field
model can not account for the expected phase transition. In this model the Lagrangian
density is given by:
L [φ] = 1
2
(∂φ)2 − 1
2
m2φ2(x)− ig
3
φ3 (x) + iJφ (x) . (3)
We studied this model in Ref.[7] and showed that in space-time dimension d = 6− ǫ, there
exists a Gaussian fixed points where exact critical exponents are extracted from the one-loop
effective potential. In the same reference we showed that for d < 6 the effective couplings
( g
M3−
1
2
d
) blows up and the the theory has non-perturbative fixed point. In these cases, the
one loop effective potential would not be able to produce reliable results near the critical
point. The worst case exists for d = 1, where at the critical point (M → 0) the effective
coupling blows up very fast. We used the effective potential to study this case but faraway
from the critical region in Ref.[9]. This theory is PT -symmetric [10] and the PT -symmetry
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is broken at the fixed point [11, 12]. At this point there exist a phase transition which
we showed ( for d = 6 − ǫ) [7] that the fixed point is really representing a Yang-Lee edge
singularity[13–24].
The effective action of the magnetization of the Ising model has a Landau-Ginzburg
representation at the continuum limit of the form [18]
S =
∫
dxd
(
1
2
(∂µφ)
2 + i (h− hc)φ+ igφ3
)
, (4)
which is of the form of the Yang-Lee model above. The critical exponents associated with the
Yang-Lee edge singularity have been obtained in Ref.[18]. The study relied on considering
the density of zeros of the partition function which has been shown to follow a power law
behavior near the edge singularity exactly the same manner the magnetization follow with
respect to the external magnetic field.
The PT -symmetric Yang-Lee model in one space-time dimension has been studied in
Ref.[25]. The Hamiltonian of that model in one dimension is given by:
Hg =
p2
2
+ +
1
2
m2x2 +
i
√
g
6
x3. (5)
The ground state energy of that model is divergent and thus resummation techniques are to
be followed to get reliable results [25]. A strong coupling representation can be obtained
using a scale and shift transformations [3, 25]:
Hg = 5
√
g
(
π2
2
+
iφ3
6
+
1
2
im4
g
4
5
φ
)
− m
6
3g
. (6)
This Hamiltonian can be rewritten as Hg = g
−5
(
HJ +
m6
3g
)
where
HJ =
π2
2
+
iφ3
6
+
1
2
iJφ, (7)
with J = im
4
g
4
5
. The Hamiltonian HJ has been studied also in Ref. [25] where the ODM
method is used to resum the divergent series representing the ground state energy EJ0 where
EJ0 =
∞∑
n=0
dnJ
n = .3725457904522070982506011+ 0.3675358055441936035304J (8)
+ 0.1437877004150665158339J2+O
(
J3
)
.
The most suitable Hypergeometric approximant for that series can be determined if we know
the large order behavior of that series. In fact, for a class of interaction Hamiltonians βxm,
5
the large order behavior has been obtained in Ref.[27]. In fact, the large order behavior
for the Hamiltonian HJ can be concluded from that reference where we set m =
3
2
in the
Hamiltonian there
Hm = p
2 + x2 + βx2m.
The ground state energy of the rescaled Hamiltonian β
2
5Hm has the expansion
Em0 =
∑
hnβ
−2n
m+1 ,
where
hn ∼ cn− 32σn
(
1 +O
(
1
n
))
, n→∞. (9)
Note that the parameter −3
2
in the large order above does not depend on m which reflects a
kind of universality of the whole class and thus we can extend it to the case of the Yang-Lee
model represented by the perturbation series in Eq.(8). What is important in the above
large-order behavior is that the Hypergeometric function pFp−1(a1, ...ap; b1....bp−1;−σz) has
the same form of large order behavior of its expansion. This can be shown by noting that:
pFp−1 (a1, ......ap; b1, ........bq; σz) =
∞∑
n=0
Γ(a1+n)
Γ(a1)
....
Γ(ap+n)
Γ(ap)
n!Γ(b1+n)
Γ(b1)
....
Γ(bp−1+n)
Γ(bp−1)
(σz)n ,
and thus has a large order behavior of the form in Eq.(9) but with
Γ(a1+n)
Γ(a1)
....
Γ(ap+n)
Γ(ap)
n!Γ(b1+n)
Γ(b1)
....
Γ(bp−1+n)
Γ(bp−1)
(−σ)n ∼ γ (−σ)nnb
(
1 +O
(
1
n
))
, n→∞, (10)
where
p∑
i=1
ai −
p−1∑
i=1
bi − 1 = b, (11)
and
γ =
p−1∏
i=1
Γ (bi)
p∏
i=1
Γ (ai)
.
We can obtain the above relations easily using the limit of the Γ function:
lim
n→∞
Γ (n+ α)
Γ (n)nα
= 1,
and the asymptotic form of a ratio of Γ functions [28]:
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Γ (n+ α)
Γ (n+ β)
= nα−β
(
1 +
(α− β) (−1 + α + β)
n
+O
(
1
n2
))
. (12)
Since the Hypergeometric function pFp−1 (a1, ......ap; b1, ........bp−1; σz) can reproduce the
same form of large-order behavior of the perturbation series under consideration, it is then
recommended as an approximant for the perturbation series of EJ0 above. In this case the
Hypergeometric resummation algorithm is then composed out of two simple steps:
1. Match the available orders from the perturbation series with the corresponding number
of terms from the expansion of pFp−1 (a1, ......ap; b1, ........bp−1; σz) .
2. Employ the large order relation
p∑
i=1
ai −
p−1∑
i=1
bi − 1 = −3
2
, (13)
in the set of coupled equations to obtain the bi parameters. Note that the ai parametrs
for the model under consideration are known [25].
Let us give an example for a certain order of the Hypergeometric approximant. Assume
that we have the second order perturbation series of the form:
Q (z) = c0 + c1z + c2z
2 +O
(
z3
)
, (14)
with the large order behavior in Eq.(1) but with p = q+1, then the suggested Hypergeometric
approximant is
Q (z) ∼ c0 3F2(a1, a2, a3; b1, b2; σz).
c0 3F2(a1, a2, a3; b1, b2; σz) has the expansion:
c0 3F2(a1, a2, a3; b1, b2; σz) = c0+c0
a1a2a3σ
b1b2
z+c0
a1 (1 + a1) a2 (1 + a2) a3 (1 + a3)σ
2
b1 (1 + b1) b2 (1 + b2)
z2+O
(
z3
)
(15)
Matching this expansion with the series in Eq.(14), we get the following set of equations:
c0
a1a2a3σ
b1b2
= c1,
c0
a1 (1 + a1) a2 (1 + a2) a3 (1 + a3) σ
2
b1 (1 + b1) b2 (1 + b2)
= c2,
7
also the the numerator parameters and the denominators are constrained by the large order
relation:
a1 + a2 + a3 − (b1 + b2)− 1 = b.
This set of of three coupled equations is to be solved for the unknown parameters b1, b2 and
σ. Note that the parameter σ can be obtained from semi classical methods but it is out of
the scope of this article.
For the model with the ground state perturbation series in Eq.(8), we have a1 =
−3
2
,
a2 =
−1
4
and a3 = 1 [25] while the large order parameter b = −32 [27]. Thus the solution of the
above set of equations for that model yields the results in b1 = −0.60310956052580091716,
b2 = 0.35310956052580091716 and σ = −0.560266190804551029423. Accordingly we have
the second order approximant:
EJ0 ≃ 0.37 3F2
(−3
2
,
−1
4
, 1;−0.60, 0.35;−0.56J
)
. (16)
One can involve more perturbative terms as input by going to 4F3, 5F4 ........... To test the
accuracy of the algorithm we compare its prediction with exact (numerical results) from
Ref.[29] in table I . Note that the vacuum energy for the Hamiltonian in Eq.(5) and that in
Eq.(6) are related as g−5
(
EJ0 +
m6
3g
)
and J = im
4
g
4
5
while the coupling λ in Ref.[29] is related
to g by the relation g = 288λ2. From table I, one can realize that the accuracy of the
algoritim is improved form order to order and the 5th order approximant 6F5 yields almost
exact predictions.
One can also obtain the edge critical exponent and the critical coupling of the theory by
noting that the Hypergeometric functions pFp−1 (a1, ......ap; b1, ........bq; σz) have a power law
behavior around the branch point σz = 1 in the form [30, 31]:
pFp−1 (a1, ..ap; b1, ..bp−1; σz)− p Fp−1 (a1, ..ap; b1, ..bp−1; 1) ∝ (1− σz)y,
where
y =
p−1∑
i=1
bi −
p∑
i=1
ai. (17)
This means that as J → Jc = 1σ we have
EJ0 (J)− EJc0 =∝ (1− σJ)
1
2 .
The critical coupling Jc from the second order approximant in Eq.(16) is thus Jc = −1. 784 9
compared to the Jc = −1.3510 from ODM rsummation at the 150th order from Ref.[25]. In
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TABLE I: Comparison of our prediction for Eg
0
= g−5
(
EJ
0
+ m
6
3g
)
and numerical results Eexact from Ref.[29]. We get
first the Hypergeometric resummations 3F2, 4F3, 5F4 and 6F5 for the perturbation series of EJ0 and then transformed to E
g
0
.
Note that J = im
4
g
4
5
and g = 288λ2 while we set m = 1.
λ 3F2 4F3 5F4 6F5 Exact
0.015625 0.682387 0.504794 0.501965 0.502697 0.502621
0.03125 0.534941 0.510201 0.509934 0.509978 0.50998
0.0625 0.536264 0.533944 0.533931 0.533932 0.53393
0.125 0.595069 0.594916 0.594915 0.594915 0.59492
0.25 0.712944 0.712936 0.712936 0.712936 0.71294
0.5 0.900258 0.900258 0.900258 0.900258 0.90026
1 1.16745 1.16745 1.16745 1.16745 1.16746
2 1.53077 1.53077 1.53077 1.53077 1.53078
fact, at the fifth order approximant 6F5 we obtained a precise value for the critical coupling
Jc as shown in table II.
TABLE II: The Hypergeometric 3F2, 4F3, 5F4 and 6F5 predictions for the critical coupling Jc compared to the 150th order
of the ODM method in Ref.[25]. All approximants predict the same exact critical exponents as shown because they depend
solely on the large order parameter −3/2.
Approximant Jc νc δ γ
3F2 -1.78487 1/2 -2 3/2
4F3 -1.30267 1/2 -2 3/2
5F4 -1.32908 1/2 -2 3/2
6F5 1.35062 1/2 -2 3/2
ODM 1.351 0 - - -
What is really impressive is that the critical exponent νc =
1
2
where
(
EJ0 (J)− EJc0
) ∝
(1 − σJ)dνc is exact (d = 1) and does not depend on the order of approximation but on
the other hand depends solely on the large order parameter b = −3
2
. This is clear from
Eq.(13) where we find y = 1 − (−3
2
) = 1
2
. It has been shown in Ref.[18] that the edge
critical exponent νc for one dimensional Ising model is νc =
1
2
exactly the same value we
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obtained using the Hypergeometric resummation. Note that here we used the scaling
relation
(
EJ0 (J)−EJc0
) ∝ ζ−dgap ∝ J−dνc [34] , where ζ−dgap is the correlation length. Up to
the best of our knowledge this is the first time to get exact critical exponents from only
the knowledge of the large-order parameters. Note that the square root singularity of the
ground state energy near the critical coupling Jc has been suggested based on the analysis
of the calculations in Ref.[25] but here we get it exactly.
The ground state energy or equivalently the effective potential is well known to be the
generating functional of the one-particle irreducible amplitudes [32]. Accordingly one can
obtain other amplitudes like Magnetization (vacuum expectation value) and Magnetic sus-
ceptibility (renormalized mass) for instance from successive differentiation with respect to(
1
2
iJ
)
. Thus the vacuum condensate v is given by
v =
∂EJ0
∂
(
1
2
iJ
) ,
where the Hypergeometric approximant for EJ0 is given by
EJ0 ≈ c0 pFp−1 (a1, ......ap; b1, ........bq; σz)
Note also that
∂
∂z
pFq (a1, ap; b1, bq; z) =
∏p
j=1 aj∏q
j=1 bj
pFq (a1 + 1, ap + 1; b1 + 1, bq + 1; z) .
We found that the vacuum expectation value is negative imaginary as it is well known
for such PT -symmetric model [35]. The derivative of the Hypergeometric function is thus
another Hypergeometric function but with every numerator and denominator parameter is
increased by 1. The exponent of the power law behavior of the derivative will thus decrease
by 1. Thus near the critical point, the vacuum condensate v has a power law behavior of
the from:
v (J)− v(Jc) ∝ (J − Jc)
1
δ ,
where 1
δ
= y − 1 and y is defined in Eq.(17). Since we obtained y = 1
2
for the model under
consideration, we get δ = −2. This is the exact exponent reported in Ref. [18].
The magnetic susceptibility χ or the reonrmalized mass squared is given by:
χ =
∂2EJ0
∂
(
1
2
iJ
)2 .
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Accordingly, χ has the power law behavior
χ ∝ (J − Jc)−γ , − γ = y − 2 = −3
2
One can test this result by knowing that scaling properties relate γ to δ as [33]
−γ = 1− δ
δ
=
−3
2
.
This result coincides with the one obtained above from successive differentiation of the
Hypergeometric approximant with respect to the external magnetic field
(
1
2
iJ
)
.
To conclude, we started from the large-order behavior of the perturbation series of the
ground state energy of the Yang-Lee model to select the suitable Hypergeometric approxi-
mant. We realized that the Large-order behavior does not have a gross factor n! and found
that the Hypergeometric functions pFp−1 do have the same form of the given large-order
behavior. This recommends them to be the most suitable Hypergeometric approximants for
the given series. We set a constraint on the numerator and denominator parameters based
on matching both large-Order behaviors. The large-order constraint on the parameters has
accelerated the convergence which has been tested by calculating up to fifth order approx-
imants (6F5) and found that they yield very precise predictions of the ground state energy
compared to exact (numerical) results from the literature.
PT - symmetry breaking has been investigated by noting that the Hypergeometric func-
tions pFp−1 (a1, a2, ....ap; b1, b− 2, ...bp−1;−σz) have branch points at −σz = 1 to −σz =∞.
Near the branch point −σz = 1 , the Hypergeometric function has a power law behavior
from which we were able to get the exact νc critical exponent and a very precise value for the
critical coupling. What is really important is that we found that the exact critical exponent
can be extracted from the large-order parameters which up to the best of our knowledge is
the first time to extract exact critical exponents directly from Large-order parameters. This
prediction might open the door to directly extract exact critical exponents from obtaining
the large-order behavior of a given perturbation series.
Since the ground state energy serves as the effective potential. it enables us to obtain all
the critical exponents (exact) by just successive differentiation of the ground state energy
(effective potential) with respect to the external magnetic field.
The critical exponents of the Yang-Lee model are always stressed within the investigation
of the zeros of the partition function which very recently has been exposed to experimental
11
investigations [8]. In this work we extracted the edge exponent δ from the dependance of the
order parameter on the external magnetic field. In Ref.[7], we have shown that the critical
point of PT - symmetry breaking is in fact a Yang-Lee edge singularity. So our results
here might lead to experimental investigation of Yang-Lee edge singularity via testing PT -
symmetry breaking as well as watching the behavior of the order parameter near the point
of symmetry breaking.
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